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In this paper, we extend the GKZ-system method to the more general case: compact
Complete Intersection Calabi-Yau manifolds (CICY). For several one-deformation
modulus compact CICYs with D-branes, the on-shell superpotentials in this paper
from the extended GKZ-system method are exactly consistent with published results
obtained from other methods. We further compute the off-shell superpotentials of
these models. Then we obtain both the on-shell and off-shell superpotentials for sev-
eral two-deformation moduli compact CICYs with D-branes by using the extended
GKZ-system method. The discrete symmetrical groups, Z2, Z3 and Z4, of the holo-
morphic curves wrapped by D-branes play the important roles in computing the
superpotentials, in some sense, they are the quantum symmetries of these models.
Furthermore, through the mirror symmetry, the Ooguri-Vafa invariants are extracted
from the A-model instanton expansion.
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I. INTRODUCTION
In N = (2, 2) superconformal field theory, mirror symmetry is an isomorphism between
the (c, c) and the (a, c) chiral rings of theN = (2, 2) superconformal algebra. In superstrings,
mirror symmetry gives an equivalence between A-model compactified on X and B-model on
Y, which can be explained as T-duality1, and it opens a way to deal with non-perturbative
topological string theory. The B-model is characterized by complex structure moduli in
terms of classical geometry, while the mirror A-model is characterized by Ka¨hler moduli in
terms of the quantum geometry. It is through mirror symmetry that correlation functions
and non-perturbative prepotentials can be obtained exactly, which are know as the generat-
ing functions of Gromov-Witten invariants. In geometry, the mirror symmetry relates two
distinct Calabi-Yau manifolds: X and Y, in a way of exchanging their Complex moduli and
Ka¨hler moduli spaces2,3; and the coefficients of the instanton expansion of the generating
function can be interpreted as numbers of rational curves on the Calabi-Yau threefold4,5.
With the inclusion of D-branes and fluxes into Calabi-Yau threefold compactification, the
N = 2 supersymmetry breaks into N = 1 supersymmetry. In the low energy regime, the
type II string theory with the D-branes reduces to an effective N = 1 supergravity theory
in four dimensions, and, accordingly, the moduli space is parameterized by N = 1 special
geometry. In addition, including D-branes would introduce open string sectors and so the
open string moduli. There exists two kinds of branes, the A- and B-branes, which wrap
respectively on special Lagrangian submanifolds and holomorphic submanifolds on Calabi-
Yau manifolds. On the B-model side, geometrically speaking, when varying the complex
structure of Calabi-Yau space, a generic holomorphic curve will not be holomorphic with
the respect to the new complex structure, and becomes obstructed to the deformation of the
bulk moduli. The requirement for the holomorphy gives rise to a relation between the closed
and open string moduli. Physically speaking, it turns out that the obstruction generates a
superpotential for the effective theory depending on the closed and open string moduli. This
superpotential is also defined as the F-term of low-energy effective theory, and it determines
the string vacuum structure. The expression of instanton expansion of superpotential on the
A-model side encodes the number of BPS states, and matematically it corresponds to the
Ooguri-Vafa invariants, which are related to the open Gromov-Witten invariants and can
be interpreted as counting holomorphic disks6. The algebraic geometric treatments of the
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open Gromov-Witten theory of a smooth projective variety X depend on the moduli stack
Mg,h,n(X,C, β) which parametrizes the stable maps from genus g curves with h boundaries
and n marked points to (X, C) with image class of the curve β ∈ H2(X,C, Z) and with
image class of boundaries of the curve being in H1(C,Z), where the submanifold C of X
is wrapped by the D-branes from the physical viewpoint7. When h = 0, the moduli stack
Mg,h,n(X,C, β) just is the Kontsevich’s moduli stackMg,n(X, β) which is a proper Deligne-
Mumford stack with projective coarse moduli space8,9. In particular, if X is a point, then
Mg,n(∗) just is the Deligne-Mumford moduli stack Mg,n of stable curves10,11.
Similar to the closed string sector, open-closed mirror symmetry12 provides a powerful
tool to compute the N = 1 superpotential. For the case of non-compact Calabi-Yau mani-
fold, the D-brane effective superpotential can be computed by localizaton6,13,14, topological
vertex and direct integration related to N = 1 special geometry15,16. For the compact cases,
it was very complicate and difficult to apply these methods, especially for the compact
Complete Intersection Calabi-Yau with multi-deformation moduli and including D-branes.
To overcome the difficult, some techniques evolved, like mixed Hodge structure variation,
Gauss-Manin connection26,27 and the blow-up method28–31. Some work32–37 have generalized
the GKZ method of closed sectors20–22 to open-closed sectors, which gave a more effective
way to calculate D-brane superpotentials. So far, these work mainly focused on the cases
of Calabi-Yau hypersurfaces. The purpose of this paper is to further generalize this GKZ
method to the more general case: the complete intersection Calabi-Yau manifold (CICY).
In Toric geometry, compact Calabi-Yau threefolds are built as hypersurfaces or com-
plete intersections defined by polyhedrons in ambient toric varieties. For open sectors, it
is more comprehensive to consider the enhanced polyhedrons with one dimension higher,
which can describe the configuration Calabi-Yau threefold and D-branes17,32. This closely
relates to the duality between type IIB theory compactified on Calabi-Yau threefolds and
F-Theory on Calabi-Yau fourfolds which are elliptic fibration over Calabi-Yau threefolds. In
the weak coupling limit gs → 0, the open-closed duality identifies the superpotential W of
Type IIB theory compactified on Calabi-Yau threefold with the leading term of GVW flux
superpotential WGVW of F-theory on corresponding fourfold18,19,33:
WGVW =W +O(gs) +O(e−1/gs).
The organization of this paper is as follows. In the next section, we review some aspects
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of superpotentials, relative periods, domain wall and Mirror map that will be used in this
paper. In the third section, we first give a brief review of the Toric description of the
Calabi-Yau manifold and generalized GKZ system, and then we further generalized it to
describe compact Complete Intersection Calabi-Yau manifolds including D-branes. In the
fourth section, applying the generalized GKZ method to some one-deformation modulus
and two-deformation moduli compact CICYs with D-branes, respectively, we obtain both
on-shell and off-shell superpotentials and their Ooguri-Vafa invariants. The discrete sym-
metrical groups, Z2, Z3 and Z4, of the holomorphic curves wrapped by D-branes play the
important roles in computing the superpotentials, in some sense, they are the quantum
symmetries of these models. The last section is a brief summary.
II. SUPERPOTENTIAL AND RELATIVE PERIOD
A. Effective Superpotential
The effective superpotential consists of two parts: the D-brane superpotental and the
background flux superpotential:
W(z, zˆ) =Wbrane(z, zˆ) +Wflux(z). (1)
On the B-model side, the effective superpotential arises from D5-brane warping 2-cycle
C on Calabi-Yau threefold, Y, is
Wbrane = Naˆ
∫
Γˆaˆ(zˆ)
Ω3,0(z, zˆ) =
∑
NaˆΠˆ
aˆ(z, zˆ), (2)
where Γˆaˆ ∈ H3(Y, C) are basis of three chains with non-trivial boundaries ∂Γˆaˆ ⊃ C, and
Πˆaˆ(z, zˆ) are called semi periods, which are the integrals of the holomorphic (3, 0)-form
Ω3,0(z, zˆ) over Γˆaˆ15,27.
The internal background fluxes F = FRR + τFNS leads to an N = 1 superpotential in
closed-string sector, and it also could be written in terms of periods Πa(z) ∈ H3(Y ):
Wflux(z) =
∫
Y
F ∧ Ω3,0(z, zˆ) =
∑
NaΠ
a(z). (3)
Hence the combined effective superpotential written in terms of linear combination of
relative period is:
W(z, zˆ) =
∑
NαΠ
α(z, zˆ) (4)
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where the coefficients Nα are determined by both the topological data of the brane and flux
background, and Πα(z, zˆ) are unified expressions capturing both the semi-period integrals
of Ω3,0 over 3-chain Γˆzˆ whose boundaries are wrapped by D-branes and the period integrals
over 3-cycles. These relative periods can be written as integrals of relative forms Ω(z, zˆ)
over relative homology basis Γα ∈ H3(Y, C):
Πα(z, zˆ) =
∫
Γα(z,zˆ)
Ω(z, zˆ). (5)
The above superpotential is called off-shell superpotential, since it depends on both
closed- and open-moduli. The open-moduli space is the parameter space of deformations of
the 2-cycle. In most situations, we’re more care about the on-shell case along the open-string
condition, i.e. fixing the open parameter. Then the on-shell condition is
d
dzˆ
W(z, zˆ) = 0, (6)
which leads to the on-shell superpotential W (z) =W(z, zˆ)|zˆ=critical value.
One thing needed to point out is that, when the 2-cycle C is holomorphic, it will give the
BPS states of D-branes. However, when C is non-holomorphic after certain deformations,
and then it will correspond to non-BPS states. The trick to deal with this is to embed the
2-cycle C in a holomorphic ample divisor D so as to consider a much simpler homology
group H3(Y,D) of an unobstructed theory. For more details, we recommend to refer
15,16,27,33
B. Relative Period and Domain Wall
In Eq.(5), it’s usually to take the boundary of Γα(z, zˆ) ∈ H3(Y,D) ending on two 2-cycle:
∂Γ(z, zˆ) = C+(z, zˆ)− C−(z, zˆ), [C+] = [C−] ∈ H2(Y ). (7)
The domain wall tension, denoted as T (z, zˆ), is the difference between the values of off-shell
superpotentials for two D-brane wrapping C+ and C−, respectively:
T (z, zˆ) =W(C+)−W(C−). (8)
In this off-shell case, it equals to the relative period: T (z, zˆ) = Π(z, zˆ) which could be
explained by the Abel-Jacobi map6,17. When zˆ take critical values, T (z) = T (z, zˆcritic) is
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differed from Π(z, zˆcritic) by bulk periods, but Eq.(8) still holds.
Than there is an alternative definition of on-shell condition(i.e. Eq.(6)) in the open-string
direction by Noether-Lefshetz locus in mathematics33,40:
N =
{
(z, zˆ)
∣∣∣∣dΠ(z, zˆ)dzˆ = 0
}
= {(z, zˆ) |π(z, zˆ; ∂Γ(z, zˆ)) = 0} , (9)
where π is the period vector of the ample divisor D. This definition provides a method of
integrating periods on a reduced subsystem of one-dimension lower to obtain domain wall
tension.
C. Picard-Fuchs Equation
Analogy to the closed-string sector, the relative periods also satisfy a set of differential
equations named Picad-Fuchs equations. The Picard-Fuchs equations have the following
form:
La(θ, θˆ)Π(z, zˆ) = 0, (10)
where θ and θˆ are abbreviations of z∂z and zˆ∂zˆ. The explicit form of these operators could be
derived from Gauss-Manni system, which is the result of variation of mixed Hodge structure.
The solutions of this differential system lie in the generalized hypergeometric GKZ system,
which would be discussed in the next section. The differential operators have two parts:
La(θ, θˆ) = Lba(z)−Lbda (z, zˆ)θˆ, (11)
where the superscript b stands for bulk, bd stands for boundray, and both Lba(z) and Lbda (z, zˆ)
vanish bulk periods. And in the relative form level, the r.h.s. of Eq.(10) differs from zero
by at most a differential of a two-form ω2,0: La(θ, θˆ)Ω = dω. From last subsection, we have:
La(θ, θˆ)T (z, zˆ) = 0, i.e. LbaT (z, zˆ) = Lbda T (z, zˆ). (12)
Combined with Eq.(9), the periods on subsystem from ample divisor D satisfy
2πiθˆT (z, zˆ) = π(z, zˆ), (13)
which in turn offer a way to calculate domain wall tension by integrating. Then substitute it
into Eq.(12) and fix zˆ at critical value, we obtain the inhomogeneous Picard-Fuchs equations
only with bulk differential operators:
LbaT (z) = fa(z), (14)
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where fa(z) are defined as 2πifa(z) = Lbda π(z, zˆcritic). When applying it to concrete example,
one can find the inhomogeneous term of the r.h.s of above equation are coincide with results
in25,33. This offers a method to check such system.
D. Mirror Map and Instanton Sum
From above one can obtain both off-shell and on-shell superpotential in B-model and
relative periods, Πα, which are solutions of Picard-Fuchs equations. Through mirror map,
one can calculate corresponding instanton expansion in A-model, i.e. the flat coordinates
in A-model at large radius regime are related to the flat coordinates of B-model at complex
structure regime. Then the closed- and open-flat coordinates on the A-model side are defined
as:
ta(z) =
Πa(z)
Π0(z)
, tˆaˆ =
Πaˆ(z, zˆ)
Π0(z)
, (15)
where Π0(z), Πa(z) and Πaˆ(z, zˆ) are chosen basis of relative periods associated with closed-
and open-moduli. The relative period vector in flat coordinates could be written as
Πα(t, tˆ) = Π0
(
1, ta, ∂taF(t), 2F(t)−
∑
ta∂taF(t); tˆaˆ, W±(t, tˆ), . . .
)
. (16)
In this expression, F(t) is the closed-string holomorphic N = 2 prepotential and W± corre-
spond to superpotential. The instanton corrections are encoded as a power series expansion
of qa = et
a
and qˆaˆ = etˆ
aˆ
:
W(t, tˆ) =
∑
~k,~m
G~k,~mq
~kqˆmˆ =
∑
n
∑
~k,~m
N~k,~m
n2
qn
~kqˆn~m. (17)
In Eq.(17),
{
G~m,~k
}
are open Gromov-Witten invariants labeled by relative homology
class, where ~m represent the elements of H1(D) and ~k represent the elements of H2(Y ), and{
N~k,~m
}
are Ooguri-Vafa invariants.
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III. CICY IN TORIC GEOMETRY AND EXTENDED GKZ SYSTEM
In general, the complete intersection of l hypersurfaces determined by l polynomial pr
(r = 1, . . . , l) in the product of k weighted projective spaces is denoted by:
Pn1[ω
(1)
1 , · · · , ω(1)n1+1]
...
Pnk [ω
(k)
1 , · · · , ω(k)nk+1]
∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣
d
(1)
1 , · · · , d(1)l
...
...
d
(k)
1 , · · · , d(k)l

h1,1
χ
, (18)
where d
(i)
r is the degree of the coordinates of Pni[ω
(i)
1 , . . . , ω
(i)
ni+1
] in the r-th polynomial pr
(i = 1, . . . , k; r=1,. . . ,l). In order to be a Calabi-Yau manifold, ω
(i)
j and d
(i)
r should satisfy
the Calabi-Yau condition:
ni+1∑
j=1
ω
(i)
j −
l∑
r=1
d(i)r ≡ 0. (19)
For convenience, we only consider complete intersection examples in non-singular ambient
spaces in this paper. Since the ambient space is a product space Pn1[~ω(1)]× · · · × Pnk [~ω(k)],
it can be described by the reflexive polyhedra ∆ in Rn1 × · · · × Rnk . Then the CICY
manifold is constructed from this reflexive polyhedra ∆ by nef-partition, while the mirror
CICY manifold is determined by dual reflexive polyhedra ∆∗ with dual nef-partition41–44.
A nef-partition is a decomposition of the vertex set V of ∆∗ into a disjoint union
V = V1 ⊔ V2 ⊔ · · · ⊔ Vl (20)
such that divisors Ei =
∑
v∈Vi
Dv are Cartier,where Dv are prime torus-invariant Weil divisors
corresponding to vertices of ∆∗. Let ∆i be the convex hull of vertices from Vi ∪ {0}. Then
these polytopes form a nef-partition if their Minkowski sum ∆ is a reflexive polytope. The
dual nef-partition is formed by polytopes ∆i of Ei, which give a decomposition of the vertex
set of ∇∗ and their Minkowski sum is ∆. One can find that the duality of reflexive polytopes
just switches convex hull and Minkowski sum for dual nef-partitions:
∆ = ∆1 +∆2 + · · ·+∆l dual←→ ∆∗ = Conv(∇1, ∇2, . . . ,∇l)
∇∗ = Conv(∆1, ∆2, . . . , ∆l) dual←→ ∇ = ∇1 +∇2 + · · ·+∇l
(21)
In our examples, the vertices of ∆∗ are the integral points v∗i,1 = (1, 0, . . . , 0), . . . , v
∗
i,ni
=
(0, . . . , 0, 1) and v∗i,ni+1 = (−ω(i)1 , . . . ,−ω(i)ni ). These vertices are decomposed into l sets Vr
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(r=1,. . . ,l) and each Vr contains d
(i)
r vertices from
{
v∗i,j
}
1≤j≤ni+1 for each i = 1, . . . , k. Then l
defining polynomials can be written in toric coordinates Xm,n(m = 1, . . . , k; n = 1, . . . , nm):
Pr =
∑
vi,j∈Vr∪{0}
ai,jX
v∗i,j , r = 1, . . . , l (22)
It is convenient to extend each vertices to
{
v∗i,j = (~e
(r), v∗i,j)
}
in Rl×Rn1 · · ·×Rnk , where
~e(r) is the r-th unit vector of Rl, and introduce l extra vertices
{
v∗0,r = (~e
(r),~0)
}
. Then one
can determine k generators named l(s)-vectors of relation lattice
L =
{
〈l(s)〉s=1,...,k
∣∣∣∣∣ ∑
all vertices
l(s)v∗i,j = 0
}
, (23)
where l(s) in proper chosen basis can be written as:
l(s) =
(
−d(s)1 , . . . ,−d(s)l ; 0, . . . , 0, ω(s)1 , . . . , ω(s)ns+1, 0, . . .
)
≡
({
l
(s)
0i
}
;
{
l
(s)
j
})
, (24)
where they automatically satisfy the Calabi-Yau condition(19). One thing need to note is
that this space is always with singularities and should be resolved by blowing up: adding
new vertices in the polytope being ∆ˆ. But the relation lattice is still the same and so are
the generators. Then the moduli variable associated to l(s) is given by
zs = (−1)
∑
l
(s)
0i al
(s)
= (−1)
∑l
i=1 d
(s)
i
a
ω
(s)
1
s,1 . . . a
ω
(s)
ns+1
s,ns+1
a
d
(s)
1
1,0 . . . a
d
(s)
l
l,0
. (25)
The above is the story about closed-string sector on CICY, one can find more details
about corresponding closed GKZ system, Picard-Fuchs equations as well as their solutions
in20–22,44. On the other hand, the open-string sector from D-branes can be described by the
family of hypersurfaces D, which is defined as intersections {P = 0}∩{Q(D) = 0}. In toric
language, the Q(D) is defined by p vertices v∗i,j = (~e
(r), v∗i,j) chosen from V ∪ {0} (Here we
prefer to replace notations by w∗i = (~e
(r), w∗i,j) (i = 1, . . . , p) for disambiguation):
Q(D) =
p∑
i=1
biX
w∗i . (26)
In this paper, we mainly consider about one open-string moduli zˆ, and the vertices deter-
mining Q(D) comes from the same nef-partition Vi ∪ {0} (i = 1, . . . , l). Then Eq.(26) has
the form Q(D) = Xv
∗
i,j + zˆXv
∗
i,j
′
.
It turns out that we can also consider enhanced polyhedron with one-dimension higher,
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which could give a comprehensive description for both the ambient CICY and specific cho-
sen divisor. It also corresponds to dual F-theory compactified on fourfold determined by
this enhanced polyhedron. Then the mirror manifold together with brane geometry can be
constructed by dual reflexive enhanced polyhedrons (∆,∆∗) as {v∗i,j} and {w∗i,j} in product
space Rl × Rn1 × · · · × Rnk × R∗, where {v∗i,j} = {(v∗i,j; 0)} = {(~e(m); v∗i,j; 0)} determine the
l hypersurfaces function, and {w∗i } = {(w∗i ; 1)} describe the divisor we would choose to
calculate.
Accordingly, the generator of the extended relation lattice L can be write in three parts:
l(s) =
({
l
(s)
0i
}
;
{
l
(s)
c,j
}
;
{
l
(s)
o,j
})
(27)
where the first part {l(s)0i } is related to nef-partition, and note that if {l(s)0i } has only one
component valued 1, i.e. i has only one value, it degenerates to the hypersurface case in
which we usually omit this part; the second part {l(s)c,j} and the third part {l(s)o,j} correspond
to closed- and open-sector respectively. The moduli variables are given by
zs = (−1)
∑
l
(s)
0i al
(s)
= (−1)
∑
l
(s)
0i
∏
i,j
a
l
(s)
i,j
i,j . (28)
Here we used the same notation as before may cause some ambiguity, but it’s easy to distin-
guish in concrete example, and using two variables, {i, j}, to parameter l(s)’s components is
convenient to correspond {ai,j} from l equations(22). Then differential operators for Picard-
Fuchs equations L(s)Π(z, zˆ) = 0 from this extended GKZ system have following form:
L(s) =
l∏
i=1
l
(s)
0i∏
k=1
(θ0i − k)
∏
l
(s)
i,j>0
l
(s)
i,j−1∏
k=0
(θi,j − k)− (−1)
∑
l
(s)
0i zs
l∏
i=1
−l(s)0i∏
k=1
(θ0i − k)
∏
l
(s)
i,j<0
−l(s)i,j−1∏
k=0
(θi,j − k)
(29)
where θi,j = ai,j
∂
∂ai,j
and is related to Θzs = zs
∂
∂zs
by
θi,j =
l∑
s=1
l
(s)
i,jΘzs (30)
The solutions to this extended GKZ system(29) can be written immediately as:
B{l(s)}({zs}; {ρs}) =
∑
{ns}
∏
i Γ(1−
∑
s l
(s)
0i
(ns + ρs))∏
j Γ(1 +
∑
s l
(s)
c,j (ns + ρs))
∏
j Γ(1 +
∑
s l
(s)
o,j (ns + ρs))
∏
s
zns+ρss
(31)
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Take ω0({zs}) = B{l(s)}({zs}; {ρs})
∣∣
{ρs=0} and ωi({zs}) = ∂ρiB{l(s)}({zs}; {ρs})
∣∣
{ρs=0}, we
could obtain the open-closed mirror map for this comprehensive system of type II theory as
well as for the dual F-theory:
ti({zs}) = ωi({zs})
ω0({zs}) . (32)
Similarly to Eq.(17), the superpotential, as a chosen special solution to Picard-Fuchs equa-
tions, encodes the Gromov-Witten invariants as well as Ooguri-Vafa invariants in power
series of qi = e
ti .
IV. SUPERPOTENTIALS AND OOGURI-VAFA INVARIANTS
In this subsection and next subsection, we will use the GKZ system method to cal-
culate the on-shell and off- shell superpotentials and the Ooguri-Vafa invariants for some
one-deformation modulus and two-deformation moduli compact CICYs with D-branes. The
on-shell results of one-deformation modulus compact CICYs with D-branes are agree with
those in the papers25,38 obtained from the direct integration method. We further compute
the off-shell superpotentials of these models. Then we obtain both the on-shell and off-shell
superpotentials for several two-deformation moduli compact CICYs with D-branes by using
the extended GKZ-system method. The discrete symmetrical groups, Z2, Z3 and Z4, of the
holomorphic curves wrapped by D-branes play the important roles in computing the super-
potentials, in some sense, they are the quantum symmetries of these models. Furthermore,
through the mirror symmetry, the Ooguri-Vafa invariants are extracted from the A-model
instanton expansion.
A. One-deformation Modulus Compact CICYs with D-branes
In this subsection, we focus on three examples with one parameter, with D-branes
wrapped on curves characterized by Z2-, Z3- and Z4-symmetry respectively.
1. P5[3, 3]
This is the intersection of two cubics in CP 5, denoted by
Y = {P1 = 0, P2 = 0}/G. (33)
11
In Toric description, this intersection could be determined by following vertices after Nef-
Partition:
E1 = {ν∗1 = (1, 0, 0, 0, 0); ν∗2 = (0, 1, 0, 0, 0); ν∗3 = (0, 0, 1, 0, 0)}
E2 = {ν∗4 = (0, 0, 0, 1, 0); ν∗5 = (0, 1, 0, 0, 1); ν∗6 = (−1,−1,−1,−1,−1)}
(34)
The charge vector is given by
l = (−3,−3; 1, 1, 1, 1, 1, 1). (35)
And the invariant complex structure parameter, which is the closed string moduli here, is
given by z1 ≡ al = a1,1a1,2a1,3a2,1a2,2a2,3
a31,0a
3
2,0
. Then we have following two functions determining
Y in Toric Coordinates:W1(a,X) = a1,0 + a1,1X1 + a1,2X2 + a1,3X3W2(a,X) = a2,0 + a2,1X4 + a1,2X5 + a2,3(X1X2X3X4X5)−1 (36)
After coordinates transformation as:
X1 =
x31
x4x5x6
X2 =
x32
x4x5x6
X3 =
x33
x4x5x6
X4 =
x34
x1x2x3
X5 =
x35
x1x2x3
(37)
We obtain cubic polynomials in homogeneous coordinates:P1 = x
3
1 + x
3
2 + x
3
3 + ψx4x5x6
P2 = x
3
4 + x
3
5 + x
3
6 + ψx1x2x3
(38)
where ψ = z
− 1
6
1 .
Following J. Walcher25, we also choose these two curves, denoted by C±, given by
{x1 = ηx2, x4 = ζx5, x33 + ψζx25x6 = 0, x36 + ψηx22x3 = 0} (39)
where η2 = −1, ζ2 = −1.
To calculate the domain wall tensions and the superpotentials for the vacua C±, we could
study the divisor: Q(D) = x31 + z2x
3
2, which interpolates between the two vacua. Here z2 is
the open string moduli, and according to this divisor the critical point of vacua is at z2 = 1.
In the corresponding enhanced polyhedron, the vertices are E1 = {ν∗i = (1, 0; ν∗i ; 0)}i=1,2,3
and E2 = {ν∗i = (0, 1; ν∗i ; 0)}i=4,5,6, and so the chosen divisor is determined by following two
vertices:
w∗1 = (1, 0; 1, 0, 0, 0, 0; 1), w
∗
2 = (1, 0; 0, 1, 0, 0, 0; 1) (40)
12
Intersect with space Y, namely {P1 = 0, P2 = 0}∩ {Q(D) = 0}. By x2 = (−z2)− 13x1, we get
the subsystem: P
D
1 = x
3
1 + x
3
3 + ψ˜x4x5x6
PD2 = x
3
4 + x
3
5 + x
3
6 + ψ˜x
2
1x3
(41)
where ψ˜ = u−
1
6 , u = −(z1
z2
)(1− z2)2. And the corresponding charge vector become
l˜ = (−3,−3; 2, 1, 1, 1, 1). (42)
From the GKZ system, we can compute the periods on this subsystem. First, the Picard-
Fuchs equation is given by
LD = 2θ(2θ − 1)θ4 − u(3θ − 1)2(3θ − 2)2(3θ − 3)2
where θ = u
∂
∂u
. Through Frobenius method, the regular solution with fractional power in
u is:
π(u;
1
2
) =
c
2
B{l˜}(u;
1
2
) =
c
2
∞∑
n=0
Γ(1 + 3(n+ 1
2
))2un+
1
2
Γ(1 + n + 1
2
)4Γ(1 + 2(n+ 1
2
))
(43)
where B{la}(ua; ρa) is the generating function of solutions of GKZ system,
c
2
is the normaliza-
tion constant1. Then we could compute the domain wall tensions from 2πiθˆT (z, zˆ) = π(z, zˆ),
which is dependent on ξ :=
√
z2 on this subsystem, as
T (z1, z2) = 1
2πi
∫
π(z2)
dz2
z2
=
1
2πi
∫
π(ξ)
2dξ
ξ
(44)
Due to T =W+−W− and the Z2-Symmetry between C+ and C−, namely W+ = −W−, we
could compute following integration
4πiW+ =
∫ +√z2
−√z2
π(ξ)
dξ
ξ
=
c
2
∞∑
n=0
Γ(1 + 3(n+ 1
2
))2(−z1)n+ 12 2F1(−1− 2n,−12 − n, 12 − n, ξ2)
(1 + 2n)Γ(1 + n+ 1
2
)4Γ(1 + 2(n+ 1
2
))ξ2n+1
∣∣∣∣∣
+
√
z2
−√z2
(45)
Then the off-shell superpotential is
W± = ± c
4π
∞∑
n=0
(−1)nΓ(1 + 3(n+ 1
2
))2(z1)
n+ 1
2 2F1(−1− 2n,−12 − n, 12 − n, z2)
(1 + 2n)Γ(1 + n+ 1
2
)4Γ(1 + 2(n+ 1
2
))z
n+ 1
2
2
(46)
1 The 1/2 in the normalization constant is chosen for latter computation’s convenience.
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And the on-shell superpotential at critical point z2 = 1 is
W± = W±∣∣
z2=1
= ± c
8
∞∑
n=0
Γ(1 + 3(n + 1
2
))2(z1)
n+ 1
2
Γ(n+ 3
2
)6
= ± c
8
B{l}(z1;
1
2
)
(47)
With above superpotential, we could further compute corresponding A-model instanton
expansion after mirror map. The inverse mirror map in terms of qi = e
ti is given by
z1 = q1 − 180q21 + 8910q31 − 948840q41 − 106787835q51 + . . . . (48)
Set the normalization constant c = 1, then the instant expansion of superpotential en-
coding open Gromov-Written invariants is
W (t1) = 18
√
q1+182q
3/2
1 +
787968
25
q
5/2
1 +
323202744
49
q
7/2
1 +
15141625184
9
q
9/2
1 +O
(
q
11/2
1
)
(49)
And the Ooguri-Vafa invariants are given by:
N1 = 18, N3 = 180, N5 = 31518, N7 = 6595974, N9 = 1682402778, . . . . (50)
These are agree with the J. Walcher’s results25. Next we compute the open Ooguri-Vafa
invariants of off-shell superpotential (46). The off-shell superpotential instanton expansion
has following form:
W(q)
ω0(q)
=
∑
k
odd
∑
d1,d2
odd
nd1,d2
k2
q
kd1/2
1 q
kd2/2
2 (51)
The inverse open-closed mirror map are:
z1 = q1 − q1q2 − 180q21 −
5
4
q1q
2
2 + 396q
2
1q2 + 8910q
3
1 −
29
9
q1q
3
2 + 312q
2
1q
2
2 + . . .
z2 = q2 + 2q
2
2 +
23
4
q32 − 54q1q22 +
349
18
q42 − 264q1q32 + 864q21q22 + . . .
(52)
Part of those invariants extracted from (51) are listed in TABLE I.
2. P5211211[4, 4]
The vertices and nef-partition are:
E1 = {ν∗1 = (1, 0, 0, 0, 0); ν∗2 = (0, 1, 0, 0, 0); ν∗3 = (0, 0, 1, 0, 0)}
E2 = {ν∗4 = (0, 0, 0, 1, 0); ν∗5 = (0, 1, 0, 0, 1); ν∗6 = (−2− 1,−1,−2,−1)}
(53)
14
d1\d2 −3 −1 1 3 5
−1 0 0 0 0 0
1 0 −9 92 818 43116
3 12338 −1493116 1589164 29485384 −9965051024
5 1113661711280 −13391104415120 193362753310240 495035387181920 −237966223222114096000
7 14369812591077286720 −179772964748116384 4123196072172814587520 2209030629599223932768000 −6049158010118187739917504000
TABLE I. Ooguri-Vafa invariants n(d1,d2) for the off-shell superpotentialW on the CICY in P5[3, 3].
The horizonal coordinates represent d2 and vertical coordinates represent d1.
The charge vector is
l = (−4,−4; 2, 1, 1, 2, 1, 1, ), (54)
and z1 =
a21,1a1,2a1,3a
2
2,1a2,2a2,3
a41,0a
4
2,0
. Similarly, we have
P1 = x
2
1 + x
4
2 + x
4
3 + ψx4x5x6
P2 = x
2
4 + x
4
5 + x
4
6 + ψx1x2x3
(55)
where ψ = z
− 1
8
1 .
i) In the first case, we choose the divisor as Q(D1) = x
4
2 + z2x
4
3, with critical value lying
in z2 = 1. In the corresponding enhanced polyhedron, where vertices are E1 = {ν∗i =
(1, 0; ν∗i ; 0)}i=1,2,3 and E2 = {ν∗i = (0, 1; ν∗i ; 0)}i=4,5,6, this divisor is determined by following
two vertices:
w∗1 = (1, 0; 0, 1, 0, 0, 0; 1), w
∗
2 = (1, 0; 0, 0, 1, 0, 0; 1) (56)
This includes the curves chosen in the paper25. Then the subsystem isP
D1
1 = x
2
1 + x
4
2 + ψ˜x4x5x6
PD12 = x
2
4 + x
4
5 + x
4
6 + ψ˜x1x
2
2
(57)
where ψ = u−
1
8 and u = (−z1
z2
)(1− z2)2. Then the corresponding charge vector becomes
l˜ = (−4,−4; 2, 2, 2, 1, 1). (58)
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The GKZ operator of the Picard-Fuchs equation is:
LD = (2θ)3(2θ − 1)3θ2 − u(4θ − 1)2(4θ − 2)2(4θ − 3)2(4θ − 4)2
where θ = u
∂
∂u
. Following the same steps, we could get
π(u;
1
2
) =
c
2
∞∑
n=0
Γ(1 + 4(n+ 1
2
))2un+
1
2
Γ(1 + 2(n+ 1
2
))3Γ(1 + n+ 1
2
)2
=
c
2
B{l˜}(u;
1
2
) (59)
Then the off-shell superpotential is
W± = ± c
4π
∞∑
n=0
(−1)nΓ(1 + 4(n+ 1
2
))2(z1)
n+ 1
2 2F1(−1 − 2n,−12 − n, 12 − n, z2)
(1 + 2n)Γ(1 + 2(n+ 1
2
))3Γ(1 + n+ 1
2
)2z
n+ 1
2
2
, (60)
and the on-shell superpotential
W± = ± c
8
∞∑
n=0
Γ(1 + 4(n+ 1
2
))2z
n+ 1
2
1
Γ(1 + 2(n+ 1
2
))2Γ(1 + n + 1
2
)4
= ± c
8
B{l}(z1;
1
2
). (61)
The mirror map is given by
z1 = q1 − 960q21 + 213600q31 − 160471040q41 − 136981068240q51 + . . . (62)
Then the instanton expansion of superpotential encoding open Gromov-Witten invariants is
W =64
√
q1 +
50176q
3/2
1
9
+
116721664q
5/2
1
25
+
275837288448q
7/2
1
49
+O
(
q
11/2
1
)
(63)
The extracted Ooguri-Vafa invariants are
N1 = 64, N3 = 5568, N5 = 4668864, N7 = 5629332416, N9 = 8291643121152, . . . . (64)
These are still agree with J. Walcher’s results25. We also give the open Ooguri-Vafa invariants
of off-shell superpotential. The instanton expansion of W in the A-model side:
W(q)
ω0(q)
=
∑
k
odd
∑
d1,d2
odd
nd1,d2
k2
q
kd1/2
1 q
kd2/2
2 (65)
can be obtained through following mirror map:
z1 = q1 − q1q2 − 960q21 −
5
4
q1q
2
2 + 2064q
2
1q2 + 213600q
3
1 −
107
36
q1q
3
2 + . . .
z2 = q2 + 2q
2
2 +
11
2
q32 − 216q1q22 +
157
9
q42 − 1008q1q32 + 3264q21q22 + . . .
(66)
16
d1\d2 −3 −1 1 3 5
−1 0 0 0 0 0
1 0 −16 8 16 1183
3 1424 −9216 4544 340729 39683
5 230563845 −765383685 637256965 20091462445 −2598891066321125
7 777564651525 −130944867942435 2391965547527 11912858268116487875 −125852741686722567875
TABLE II. Ooguri-Vafa invariants n(d1,d2) for the off-shell superpotentialW on the CICY in P5211211.
The horizonal coordinates represent d2 and vertical coordinates represent d1.
Results are shown in Table II.
ii) In this second case, we choose following two vertices in the enhanced polyhedron:
w∗1 = (1, 0; 1, 0, 0, 0, 0; 1), w
∗
2 = (1, 0; 0, 1, 0, 0, 0; 1). (67)
They determine a different divisor: Q(D2) = x
4
2 + z2x
2
1, which takes critical value at z2 = 1
and contains three curves defined as:
Cη = {x1 = α1x22, x4 = α2x25, x56 + ηψ
5
3 (α41α2)
1
3x42x5 = 0} (68)
where η is a third root of 1, i.e. η3 = 1, and α21,2 = −1. Obviously, there exists a Z3-
Symmetry, in contrast to the Z2-Symmetry in the first case. This is quit different from
proceeding examples and need a detailed discussion. The subsystem is given by:P
D2
1 = x
4
2 + x
4
3 + ψ
′x4x5x6
PD22 = x
2
4 + x
4
5 + x
4
6 + ψ
′x32x3
(69)
where ψ′ = u−
1
8 and u = (−z1
z2
)(1− z2)3. The corresponding charge vector becomes
l′ = (−4,−4; 3, 1, 2, 1, 1). (70)
The GKZ operator of the Picard-Fuchs equation is:
LD = 3θ(3θ − 1)(3θ − 2)2θ(2θ − 1)θ3 − u(4θ − 1)2(4θ − 2)2(4θ − 3)2(4θ − 4)2
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where θ = u
∂
∂u
. This GKZ system have two solutions with fractional power:
π1(u;
1
3
) = c1B{l′}(u;
1
3
) =
∞∑
n=0
Γ(1 + 4(n+ 1
3
))2un+
1
3
Γ(1 + 3(n+ 1
3
))Γ(1 + 2(n+ 1
3
))Γ(1 + n + 1
3
)3
π2(u;
2
3
) = c2B{l′}(u;
2
3
) =
∞∑
n=0
Γ(1 + 4(n+ 2
3
))2un+
2
3
Γ(1 + 3(n+ 2
3
))Γ(1 + 2(n+ 2
3
))Γ(1 + n + 2
3
)3
(71)
They are dependent on ξ := z
1
3
2 . We consider π1(u;
1
3
). In this case, the domain wall tension
of curve Cη relative to a reference curve C0: T η,0 =Wη −W0 is
T η,0 = 1
2πi
∫ ηz 132
ξ0
π1(u,
1
3
)
3dξ
ξ
(72)
where ξ0 is a reference point. With this, domain wall tension between any two holomorphic
curves could be computed. And I choose η = 1
2
(−1 + i√3) during latter computation In
fact, we only need to compute the domain wall tension between two specific curves, while
other cases could be obtained just by multiplying η and η2 because of the Z3-symmetry.
2πi
c1
T η2,η = 2πi
c1
(Wη2 −Wη)
= 3
∞∑
n=0
(−1)n+ 13Γ(1 + 4(n+ 1
3
))2z
n+ 1
3
1 2F1(−1− 3n,−13 − n, 23 − n, z2)
(1 + 3n)Γ(3n+ 2)Γ(2n+ 5
3
)Γ(n + 4
3
)3z
n+ 1
3
2
(η2 − η)
(73)
So the domain wall tension at critical point z2 = 1: T
η2,η = T η2,η
∣∣∣
z2=1
is
T η
2,η =
c′1
2π
(η2 − η)
∞∑
n=0
Γ(1 + 4(n+ 1
3
))2z
n+ 1
3
1
Γ(2n+ 5
3
)2Γ(n+ 4
3
)4
=
c′1
2π
(η2 − η)B{l}(z1; 1
3
) (74)
In order to obtain the superpotential from this domain wall tension T η2,η =Wη2 −Wη, we
could always choose proper reference curve such that Wη2 = η2W1 and Wη = ηW1. From
Eq.(73), the off-shell superpotentials could be read as:
W1(z1, z2; 1
3
) =
c˜1
2π
∞∑
n=0
(−1)n+ 13Γ(1 + 4(n+ 1
3
))2z
n+ 1
3
1 2F1(−1 − 3n,−13 − n, 23 − n, z2)
(1 + 3n)Γ(3n+ 2)Γ(2n+ 5
3
)Γ(n+ 4
3
)3z
n+ 1
3
2
Wη(z1, z2; 1
3
) = ηW1(z1, z2; 1
3
), Wη2(z1, z2; 1
3
) = η2W1(z1, z2; 1
3
)
(75)
And the on-shell superpotentials are
W 1(z1;
1
3
) =
c˜′1
2
B{l}(z1;
1
3
) =
c˜′1
2
∞∑
n=0
Γ(1 + 4(n+ 1
3
))2z
n+ 1
3
1
Γ(2n+ 5
3
)2Γ(n+ 4
3
)4
W η(z1;
1
3
) = ηW 1(z1;
1
3
), W η
2
= η2W 1(z1;
1
3
)
(76)
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The π2(u;
2
3
) case could be obtained in a similar way and we don’t bother to do it here.
It’s easy to see that results in paper25 are agree with ours up to a linear combination. Let
c˜′1 = −2, and the mirror map is also given by Eq.(62). During the calculation of instanton
expansion, we found only the combination of the from like
W = ηW 1(
1
3
) + η2W 1(
2
3
)
has integral coefficients. One can easily verify that this on-shell superpotential have Z3-
sysmmetry respect the curves we choose. The instant expansion is given by
W = 108ηq
1
3
1 + 675η
2q
2
3
1 +
23139
4
η4q
4
3
1 +
1876608
25
η5q
5
3
1 +
204393024
49
η7q
7
3
1 + . . . (77)
with Ooguri-Vafa invariants list:
N1 = 108, N2 = 648, N4 = 5616, N5 = 75060, N7 = 4171284, N8 = 73727712, . . . . (78)
On the other hand, the open Ooguri-Vafa invariants of the off-shell superpotential W =
ηW1 + η2W2 could be extracted from:
W(q)
ω0(q)
=
∑
3∤k
∑
3∤d1,d2
nd1,d2
k2
ηk(d1+d2)q
kd1/3
1 q
kd2/3
2 (79)
through the mirror map:
z1 = q1 − 2q1q2 − 960q21 −
3
2
q1q
2
2 + 4272q
2
1q2 + 213600q
3
1 −
31
9
q1q
3
2 + . . .
z2 = q2 + 2q
2
2 − 72q1q2 +
11
2
q32 − 288q1q22 − 20820q21q2 +
157
9
q42 + . . .
(80)
TABLE III shows the open Ooguri-Vafa invariants extracted from Eq.(79). Some of these
numbers we get in this table are actually not integral and fractional anymore, we chose
default significant figures in Mathematica 10, which is 6 digits, to show these numbers.
Following the same steps as before, we believe this result is right.
3. P5321321[6, 6]
In this system, we consider the nef-partition:
E1 = {ν∗1 = (1, 0, 0, 0, 0); ν∗2 = (0, 1, 0, 0, 0); ν∗3 = (0, 0, 1, 0, 0)}
E2 = {ν∗4 = (0, 0, 0, 1, 0); ν∗5 = (0, 0, 0, 0, 1); ν∗6 = (−3,−2,−1,−3,−2)}
(81)
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d1\d2 −2 1 4 7 10
1 0 0 0 0 0
2 −170497500 −1209225 153367100 6628225 35115750
4 0 0 0 0 0
5 −3459835 1673432 −661883 −443786 4.70935 × 106
7 0 0 0 0 0
d1\d2 −1 2 5 8 11
1 −54414625 9069125 12092125 115949500 342987500
2 0 0 0 0 0
4 −21031110 5973325 30137110 608165 788999
5 0 0 0 0 0
7 −2.74235 × 107 3.60622 × 107 1.05088 × 107 −2.43337 × 108 1.96372 × 109
TABLE III. Ooguri-Vafa invariants n(d1,d2) for the off-shell superpotential W on the CICY in
P5211211. The horizonal coordinates represent d2 and vertical coordinates represent d1.
and the charge vector is
l = (−6,−6; 3, 2, 1, 3, 2, 1). (82)
The corresponding defining polynomials in homogeneous coordiantes are:P1 = x
2
1 + x
3
2 + x
6
3 + ψx4x5x6
P2 = x
2
4 + x
3
5 + x
6
6 + ψx1x2x3
(83)
with the ψ = z
− 1
12
1 and z1 =
a31,1a
2
1,2a1,3a
3
2,1a
2
2,2a2,3
a61,0a
6
2,0
. This case also have a situation with a
Z3-symmetry by choosing the divisor as Q(D) = z2x
3
2+x
6
3. Then the calculation progress is
identical to the former example. So we define the divisor by Q(D) = z2x
2
1 + x
6
3 with critical
value lying in z2 = 1, which contains four curves with a Z4-symmetry:
Cζ = {x1 = α1x33, x4 = α2x36, x22 = ζψ(α32α1)
1
4x3x
3
6}, (84)
where α21 = α
2
2 = −1 and ζ is one of the fourth-roots of 1, i.e. ζ4 = 1. In addition,
since it contains a nontrivial subgroup Z2, it is necessary to consider the representation of
20
superpotential on Z2 induced from Z4.
In subsystem, the l-vector reduced to
l′ = (−6,−6; 2, 4, 3, 2, 1). (85)
And the solutions with fractional powers could be obtained:
π1(u;
1
4
) = c1B{l′}(u;
1
4
), π2(u;
1
2
) = c2B{l′}(u;
1
2
), π3(u;
3
4
) = c3B{l′}(u;
3
4
) (86)
Take π1(u;
1
4
) for example. It is same as the above example of Z3-symmetry that we need
to choose proper reference point corresponding to a reference curve C0, and we use 1, ζ, ζ2
and ζ3 to distinguish four Z4-symmetric curves. Define the new open moduli ξ := z
1
4
2 .
T ζ,1 = T ζ,0 − T 1,0 = 1
2πi
∫ ζz 142
z
1
4
2
π1(u(ξ);
1
4
)
4dξ
ξ
=
c′1
2π
∞∑
n=0
Γ(6n+ 5
2
)2(−1)n+ 14 zn+
1
4
1 42F1(−1− 4n,−14 − n, 34 − n, z2)
Γ(4n+ 2)Γ(3n+ 7
4
)Γ(2n+ 3
2
)2Γ(n+ 5
4
)(4n+ 1)z
n+ 1
4
2
ζ3(ζ − 1)
(87)
Choosing the proper reference curve such thatWζ = T ζ,0 = ζT 1,0 = ζW1, so we could write
the superpotential indexed by 1:
W1 = c
′
1
2π
∞∑
n=0
Γ(6n+ 5
2
)2(−1)n+ 14zn+
1
4
1 42F1(−1− 4n,−14 − n, 34 − n, z2)
Γ(4n+ 2)Γ(3n+ 7
4
)Γ(2n+ 3
2
)2Γ(n + 5
4
)(4n+ 1)z
n+ 1
4
2
ζ3 · 1, (88)
and similarly we could obtain those superpotential indexed by ζ , ζ2 and ζ3 by:
Wζ = ζW1, Wζ2 = ζ2W1, Wζ3 = ζ3W1. (89)
The on-shell superpotential is the off-shell superpotential at critical values z2 = 1:
W 1 = W1∣∣
z2=1
=
c˜1
2π
∞∑
n=0
Γ(6n+ 5
2
)2z
n+ 1
4
1
Γ(3n+ 7
4
)2Γ(2n+ 3
2
)2Γ(n+ 5
4
)2
=
c˜1
2π
B{l}(z1;
1
4
), (90)
and this on-shell superpotential, together with W ζ, W ζ
2
and W ζ
3
from Eq(89), being a
representation of Z4-symmetry. This procedure also hold for the other two solutions of
Eq(86). The results are agree with J. Walcher’s25 up to a linear combination:
W± = ±W 2(z1; 1
2
),
Wζ = ζW
1(z1;
1
4
) + ζ2W 2(z1;
1
2
) + ζ3W 3(z1;
3
4
),
(91)
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where the first superpotential is equipped with Z2-symmetry induced from Z4 and the second
one with Z4-symmetry. Certainly, the instanton expansions coincident with the results in
the paper25, and we don’t list them here anymore.
Next we give the open Ooguri-Vafa invariants of the off-shell superpotentials both W±
and Wζ = ζW1 + ζ2W2 + ζ3W3. They share the same open-closed inverse map:
z1 = q1 − 3q1q2 − 37440q21 −
3
4
q1q
2
2 + 244440q
2
1q2 + . . .
z2 = q2 − 3000q1q2 + 2q22 − 4800q1q22 +
11
2
q32 + . . .
(92)
And part of the open Ooguri-Vafa invariants for off-shell superpotentialW± andWζ is listed
in Table IV and Table V respectively.
d1\d2 -3 −1 1 3 5
-1 0 0 0 0 0
1 0 -384 192 992 58243
3 611712 -7602688 11227904 2631675529 −1311387529
5 69062361088 -544235467008 45957319988483 −6341216283523 −682615784470656125
7 9323856920051712 −4234218733547427847 14592591891922856967 −43329412223163433984175 −377055293849937948544525
TABLE IV. Ooguri-Vafa invariants n(d1,d2) for the off-shell superpotential W± on the CICY in
P5321321. The horizonal coordinates represent d2 and vertical coordinates represent d1.
B. Two-deformation Moduli Compact CICYs with D-branes
We consider two hypersurfaces, defined by degree (4, 0) and (2, 2) respectively, intersecting
in the product space P21111 × P1:  P1
P21111
∣∣∣∣∣∣
∣∣∣∣∣∣ 2 02 4

In the Toric geometry, the polytope corresponding to this system is given by following vertex:
ν∗1 = (1, 0, 0, 0, 0), ν
∗
2 = (0, 1, 0, 0, 0), ν
∗
3 = (0, 0, 1, 0, 0), ν
∗
4 = (0, 0, 0, 1, 0),
ν∗5 = (−2,−1,−1,−1, 0), ν∗6 = (1, 1, 1, 0, 2), ν∗7 = (−1,−1,−1, 0,−2)
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d1\d2 −3 1 5 9
1 0 0 0 0
2 0 0 0 0
3 −9164150 −970151100 631292 1400115
5 0 0 0 0
6 0 0 0 0
7 −7.14106 × 107 6.48917 × 107 6.05118 × 108 −5.93448 × 108
d1\d2 −2 2 6 10
1 0 0 0 0
2 −3500591000 192 9608871000 57443
3 0 0 0 0
5 0 0 0 0
6 -7602688 1.12303 × 107 2631675529 −1.45789 × 107
7 0 0 0 0
d1\d2 −1 3 7 11
1 −27153200 1244511000 78489500 186971500
2 0 0 0 0
3 0 0 0 0
5 −826742 511632 2.58187 × 106 972622
6 0 0 0 0
7 0 0 0 0
TABLE V. Ooguri-Vafa invariants n(d1,d2) for the off-shell superpotential Wζ on the CICY in
P5211211. The horizonal coordinates represent d2 and vertical coordinates represent d1.
This Calabi-Yau can be resolved by adding a vertex ν∗8 = −ν∗1 . But the divisor D8 defined
by ν∗8 does not intersect with the complete intersection, so the component corresponding to
ν∗8 can be dropped as we mentioned in last section. We recommend to refer more details in
A. Klemm’s paper44. The nef-partition is chosen as E1 = {ν∗1 , ν∗3 , ν∗4}, E2 = {ν∗2 , ν∗5 , ν∗6 , ν∗7}.
This complete intersection Calabi-Yau manifold is defined by the following equations in toric
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coordinates:W1(a,X) =a1,0 + a1,1X1 + a1,2X3 + a1,3X4W2(a,X) =a2,0 + a2,1X2 + a2,2X−21 (X2X3X4)−1 + a2,3X1X2X3X25 + a2,4(X1X2X3)−1X−25
(93)
And the relation lattice is generated by:
01 02 1 2 3 4 5 6 7
l1 −4 −2 2 1 1 1 1 0 0
l2 0 −2 0 0 0 0 0 1 1
(94)
Then two torus invariant closed-moduli parameters can be written out as:
z1 =
a21,1a2,1a1,2a1,3a2,2
a41,0a
2
2,0
, z2 =
a2,3a2,4
a22,0
, (95)
In the enhanced polyhedron, the vertices are E1 = {ν∗i = (1, 0; ν∗i ; 0)}i=1,3,4 and E2 = {ν∗i =
(0, 1; ν∗i ; 0)}i=2,5,6,7, and we choose two vertices in the enhanced polyhedron:
w∗3 = (1, 0; 0, 0, 1, 0, 0; 1), w
∗
4 = (1, 0; 0, 0, 0, 1, 0; 1), (96)
which determine the divisor: Q(D) = b1X3+b2X4. The open modulus z3 =
b2
b1
, since X3 and
X4 correspond to homogeneous coordinates with same weight. The subsystem is described
by
01 02 1 2 3 4 5 6
l˜1 −4 −2 2 2 1 1 0 0
l˜2 0 −2 0 0 0 0 1 1
(97)
The GKZ operator of the Picard-Fuchs equation is:
LD1 =
4θ41(2θ1 − 1)2 − u1(4θ1 − 1)(4θ1 − 2)(4θ1 − 3)(4θ1 − 4)(2θ1 + 2θ2 − 1)(2θ + 2θ2 − 2),
LD2 = θ22 − u2(2θ1 + 2θ2 − 1)(2θ + 2θ2 − 2)
where θ1 = u1
∂
∂u1
, θ2 = u2
∂
∂u2
. Similarly to the first example, we could obtain the special
solution for this subsystem:
π{l˜}(u1, u2;
1
2
, 0) = c
∞∑
n=0
Γ(1 + 4(n1 +
1
2
))Γ(1 + 2(n1 +
1
2
) + 2n2)u
n1+
1
2
1 u
n2
2
Γ(1 + 2(n1 +
1
2
))2Γ(1 + (n1 +
1
2
))2Γ(1 + n2)2
(98)
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The off-shell superpotential by integrating it is:
W =
c˜
∞∑
n=0
(−1)n1+ 12Γ(4n1 + 3)Γ(2n1 + 2n2 + 2)zn1+
1
2
1 z
n2
2 2F1(−1− 2n1,−12 − n1, 12 − n1, z3)
Γ(2n1 + 2)2Γ(n1 +
3
2
)2Γ(1 + n2)2(1 + 2n1)z
n1+
1
2
3
(99)
And the on-shell superpotential is:
W =W|z3=1 = c′
∞∑
n=0
Γ(4n1 + 3)Γ(2n1 + 2n2 + 2)z
n1+
1
2
1 z
n2
2
Γ(2n1 + 2)Γ(n1 +
3
2
))4Γ(1 + n2)2
(100)
First, for on-shell superpotential calculation, the inverse mirror map is given by:
z1 =q1 − 6q1q2 − 104q21 + 17q1q22 + 448q21q2 + 6444q31 − 32q1q32 − 816q21q22 + . . .
z2 =q2 − 2q22 − 72q1q2 + 3q32 + 288q1q22 + 1308q21q2 − 4q42 − 576q1q32 + . . .
(101)
The Ooguri-Vafa invariants of on-shell superpotential are listed below.
d1\d2 0 1 2 3 4
1 64 64 0 0 0
3 -320 5888 5888 320 0
5 2880 625792 4040192 4040192 625792
7 -35392 63595008 1247366656 4318406144 4318406144
9 506432 6250007232 276467300352 2233590214912 5775335092224
11 15768871104 1069086628608 94908374836480 1326149570899200 6214165527984128
TABLE VI. Ooguri-Vafa invariants N(d1,d2) for the on-shell superpotential W on the CICY in
P21111 × P1. The horizonal coordinates represent d2 and vertical coordinates represent d1.
For the off-shell superpotential, the inverse mirror map is given by:
z1 =q1 − 104q21 − 6q1q2 − q1q3 + 6444q31 + 488q21q2 + 232q21q3 + 17q1q22 −
3
4
q1q
2
3 + . . .
z2 =q2 − 2q22 − 72q1q2 + 3q32 + 1308q21q2 + 288q1q22 + 72q1q2q3 − 4344q21q2q3 + . . .
z3 =q3 − q33 + 2q1q23 + 12q1q33 + 144q21q23 + 48q1q2q23 − 2q2q33 − 546q21q33 + . . .
(102)
Part of the open Ooguri-Vafa invariants of this off-shell superpotential are listed in Table
VII.
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d1 = 1 d2\d3 -1 1 3 5 7
0 -32 -16 -8 329 −1253
1 -32 -16 -40 1769 −4853
2 0 0 -64 32 -288
3 0 0 -64 32 -384
4 256 128 32 −61609 −31043
5 2432 1216 864 −502409 −116683
d1 = 3 d2\d3 -1 1 3 5 7
0 −16643 21763 219227 2784827 399227
1 -9344 309763 -608 7512
49984
9
2 -9344 540163 -1504
103048
3
227104
9
3 −16643 508163 −4043227 208992827 163071227
4 146816 −2948483 4044163 12008 9411923
5 1707136 −41306243 49175683 −42643763 393500569
d1 = 5 d2\d3 -1 1 3 5 7
0 -53952 3223365 −5621285 11971712135 1584132227
1 −147003525 223302085 −24118609645 501011024135 −544454426135
2 −701662725 1116366085 −43306028815 2809761344135 −65914636027
3 −873694725 1603790085 −87808710415 7024433984135 −11830811096135
4 341265923 −36021721615 −1629777856135 1153591328135 −577369885627
5 21380515843 −1987169484815 220223851072135 −7382175428845 2137360486415
TABLE VII. Ooguri-Vafa invariants n(d1,d2) for the off-shell superpotential W on the CICY in
P21111 × P1. The horizonal coordinates represent d2 and vertical coordinates represent d1.
V. SUMMARY
The D-brane superpotential computation is essential for both physics and mathematics.
Physically speaking, in the low-energy effective theory, superpotential determine the vac-
uum structure. In the view of A-model, it is the generating function of the Ooguri-Vafa
26
Invariants of the Calabi-Yau manifold involving D-branes. And these Ooguri-Vafa Invari-
ants are closely related to the number of the BPS states. Mathematically speaking, they
count the holomorphic disks on Calabi-Yau manifolds. For the A-model on non-compact
Calabi-Yau manifolds wrapped by D-branes, there are some straight methods, like localiza-
tion, to calculate D-brane superpotential; while for the A-model on compact ones, it’s very
hard to calculate the superpotential directly, because they are non-perturbative. However,
mirror symmetry and algebraic geometry method offer an effective approach to resolve this
problem.
In this paper, we further generalize the GKZ method to calculate on-shell and off-shell
D-brane superpotentials on more general complete intersection Calabi-Yau manifolds with
applications on several one-parameter and two-parameter models. And we also calculate
both the on-shell and off-shell superpotential on the B-model side, and through open-closed
mirror symmetry, we give non-perturbative superpotentials in the A-model side represented
by the Ooguri-Vafa invariants. The on-shell results of one-deformation modulus compact CI-
CYs with D-branes are in exactly agreement with J. Walcher’s and M. Aganagic’s results25,38
which are from different approaches.
It is important for String/M/F-theory phenomenology and geometric invariants to study
the D-brane superpotential for compact Complete Intersection Calabi-Yau manifolds (CICY)
with many open and closed string deformation moduli parameters and with the parallel
and/or intersectiong D-branes wrapying on the holomorphic submanifolds of the compact
CICY, and to study mathematical significance, such as enhanced gauge symmetries and
geometric singularities45–50, etc. Furthermore, it is interesting to calculate the D-brane
superpotential from the A∞-structure in the derived category of coherent sheaves of Calabi-
Yau manifold51–54.
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